System of Equations

@ @,-2,2 (b (1,-1,2) (¢) (0,1) (d) inconsistent () (-2-5t,2+2t, 1), teR.

Method 1 (Determinant)

11 3
A=0=14 B -1=0 = 65-13=0 = p=5
6 7 5
a 1 3
A, =0=|1 5 -1=0 = -16+32a=0 = a=05
2 7 5
1 05 3 1 1 05
Also, A,=4 1 -13=0, A,=4 5 1/=0
6 2 5 6 7 2

Since not all cofactors of A =0, the system of equations has infinite number of solutions.

Method 2 (Matrix)
Using augmented matrix:

11 3la) (1 1 3] «a 1 1 3]« 11 3 o
4 B -11|~|0 B-4 -131-40|~|0 1 -132-6a|~|0 1 -13 260,
6 7 5[2) (0 1 -132-6a) |0 B-4 -13[1-4a) (0 O 13B-6501—4a—(2—60)p—4)

In order that the system of equations has infinitely many solutions,

138-65=0 B=5
1

—40¢—(2—60¢)(ﬁ—4):o:> a=05

(4-2)x+3y+z=0 4-% 3 1
3x—(4+1)y+72=0 hasnontrivial solutions = A=0=| 3 —4-1 7 [=0
X+7y—(6+1)z=0 1 7 —6-L

= A3+6)12-750L=0 = AMA2+6L-75)=0 =xr=0, -3+2421
Since A isaninteger, therefore A =0

4x+3y+z=0 ...(0
The system is then reduced to  <3x—-4y+7z=0 ...(2)

X+7y—-62=0 ...(3)

Since (1) -(2)=(3), eq. (3)isdependenton (1) and (2) and is redundant.

. X z X z
Solving (1) and (2), 3 1:1y4:4 3 :2_5:%25:__25:)(:_3/:_2
A6

The solutionis (x,y,2)=(t, -t,-t) ,where teR.

p+1 1 1 p+3 1 1 11 111

C,—C+Cy+C3

@ |1 p+1 1 = |p+3 p+l 1 |=(p+3fL p+1 1 |=(p+3J0 p 0/=p*(p+3)
1 1 p+ p+3 1 p+ 1 p+ 0 0 p



(b) (i) (E) hasaunique solution

p+1 1 1
= A=|1 p+l 1 |=p*(p+3)20=p=0or-3 = peR\{0,-3}
1 1 p+

(i) When p=-3, A=A=A/=A,=0.
Since not all cofactors of A =0, the system of equations has infinite number of solutions.

-2X+y+z=0 ...(
(E) becomes <x-2y+z=0 ..(2)
X+y-2z=0 ...(3

1
N

2)-(1), 3x-3y=0 = X=Vy : 3)-(@), 3y-3z=0 =y
Xy, 2)=(t1t), where tekR.

When p=0, A=A=Ay=A,=0.

the system of equations is reduced to only one equation x+y+z=0

and it has infinite number of solutions:  (X,y,z)=(t; ,to,-tt—t,) , where t;,t, eR.
(iii) no. For peR\{0,-3},(E) hasaunique solution.

For p={0,-3}, (E) has infinite number of solutions

(a—b-c)x+2ay+2a=0 (a—b—c)x+2ay+2az=0

(E) {2bx+(b-c-aly+2b=0<  (E'){2bx+(b-c—a)y+2bz=0 A z=1
2cx+2cy +(c—a—b)=0 2cx+2cy+(c—a—-b)z=0

= (E’) has non-trivial solution other than (x,y, z) = (0, 0, 0)

a—-b-c 2a 2a a+b+c a+b+c a+b+c| [a+b+c 0 0
=| 26 b-c-a 2b |=| 2b b-c-a 2b |=| 2b —(a+b+c) 0
2c 2c  c-a-b 2c 2c  c-a-b 2c 0 —(a+b+c

=(a+b+cf=0
= a+b+c=0 v (M
(1) f a=b=c=0 ,(E) isreducedto Ox+0y=0,
there are infinitely number of solutions : X, y)=(1,t),where t;,t, ekR.

(2) If notall ab,c =0, using (*), (E) isreducedto x+y+1=0

there are infinitely number of solutions : X, y)=(t,-t—1),where teR.
-7 8 1 2) (10 00
(@) A’-4A+111= —4 ¥ = -0
-16 1 -4 3) (0 1 00
AZ=4A-111

= A'=(4A-111=16A’-88A+ 121 1=16(4A-111)-88A+1211=-24 A-55 |



(b)

(@

(b)

(@)

A2

=

1

[1 2} (1 oj [—79 —48J
—24 -55 =
-4 3 01 9% -127
—4A+111=0 = AA-41)=-111 :A[1—11(4I—A)}:I
gt DR
11 111 {0 1) (-4 3)| 1114 1
X+2y—-3=0 [1 ZJ(XJ [3j (x] [1 2}(3} 1[3 —2}(3] 1(19)
= = = = =— =—
4x+3y+5=0 -4 3)\y -5 y -4 3) \-5) 1114 1 \-5) 11( 7

y=1-X

{(X ))/()+Py==(>l< y) 7 (x y)(lfb 1:‘}()( y):>(x 1—x)(:b 1;aj=(x 1-x)

=

Since a+b=2,3auniquereal 1 x 2 matrix (x y)

(a+b-2)x+@-b) —[@a+b-2)x+(1-b))=(0 0)

b-1 a-1 s
, satisfying the system.
(a+b—2 a+b—2j fying y

a— b-1 loa— a-1
Q= a  l-a) (x y)_ a+b-2 a+b-2
1-b b ) \x y)T |, bl a1

_a+b—2 _a+b—2

a’+ab-2a-b+1 (l1-afa+b-1) (a-1)a+b-1) (-afa+b-1)

a+b-2 a+b-2 _ a+b-2 a+b-2
(1-bYa+b-1) ab+b>-2b+a-1| |(d-bfa+b-1) (b-1)a+b-1)
a+b-2 a+b-2 a+b-2 a+b-2
a-1 1-a h-1 a-1
_( b—1 a+b-2 a+b-2 _( b-1 1_a+b—2 _a+b_2 _( b1 10 Xy
—@E=) 1 b—1 [T@TPTY b b1 [T@TPTH g 1) 7Ix y
a+b-2 a+b-2 a+b-2 a+b-2
A=a+tbh-1

P"-Q=A"1-Q) can be proved by induction and noting :

1.

2.

A=

Min

(x y)P=(x y)z{z yjP{z yj:QP=Q

y y
P™-Q=P"™ -QP=(P"-QP=2"(1-Q)P=2"P-QP) =" (P-Q) =2"A(1-Q) = 2™ (1-Q)

0 a1
2 5 0/=12-2ab=2(6-ab), ab#z6 =A=#0 = inverse of Aexists.
-2 1 b
50  2b 12 50 -2b 12 5 1-ab -5
(A)= |ab-1 2 2a | ,Cof(A)= |1-ab 2 -2a|, Adj(A)=|-2b 2 2
-5 -2 -2a -5 2 -2a 12 -2a -2a



50 1-ab -5

Inverse of A= AdJ(A): L -2b 2 2
A 12 -2ab
12 —2a -2a
ay+z=2 0 a 1)x 2
(b) 2X + 5y =l<| 2 5 0f|y|=]|1
—-2X+y+bz=3 -2 1 bz 3
X 0 a 1)° . 50 1-ab -5)2 . 10b—ab-14
<|lyl=] 2 5 0] (1= -2b 2 2 |1]= 8-4b
12-2ab 12 -2ab
z -2 1 b) (3 12 -2a -2a)\3 24 -8a
10-ab-14 4-2b 12-4a
X = , = , Z= , Wwhere ab=#6.
12-2ab 6—ab 6—ab

1 1 21\R,»>R,-2R,(1 1 2|1 1 1 2|1
9. Theaugmented matrix: |2 -1 -1]2 ~ 0 -3 -2/ 0 |[~|0 -3 =-2| 0
4 1 6|c)R,->R,-4R,|0 -3 -2c-4 0 0 Of-4
Suppose the system is consistent, ¢-4=0 —=c=4.
X+y+2z=1

When c¢ =4, we have = (X,¥,2)=(1-4t -2t 3t) ,where teR.
-3y-2z=0

10. Let Ajjx be the determinant formed by the i, j, k equations of the given system. (i, j, k=1, 2, 3, 4)
1 p p L p p

2 2

A= q d°|=|0 g-p q°-p’=
1 r | |0 r-q r’-q°

2
q-p q°-p?
r_q r.2_qZ

“a-pr-aly ¥ -aka-rie-)

r+q

-

1 1 1
Replacing p=1, respectivelyweget: A, =1 q q’|=@Q-qglg-r)r-1)
1 r r

-
p p’ 1 p p’
1 1|=(p-1a-rfr-p) . Ap =L g ¢°|=(p-afa-1)1-p)
2 1 1

1
Similarly, A, =[L
1 rr

= O T

The necessary and sufficient conditions that the system has non-trivial solution(s) is

Ay =Dyzy = Ay =4y, =0 op=q=r=1

a 1 O

1. (@ [1 0 Bl=-a-ap’=-alp?+1), =0, pz-i.

0 B a

o 1 0)-p* -a B —op’—a 0 0
() AB=|1 0 B|-a o —ofl=| 0 —ap*-a 0 [=-alp?+1)1,

0 B al B —ap -1 0 0 —ap?®-a

3 L 1 -B —<21 B 1 B Otz -B

gl ey e ) G e e ol
* B —op -1 B ap 1

() If a=0, pB=-1,



X +pz=1 10 Blyl|=|1 y|= a -—o? oaf [1|= OL—OL2+OLB
= & 1 2 1} 1 2 1i
py+az=1|l0 B a)z) 1 ) B g s 1) P prapat
oX+y—-2z=1 oX+y-2z=1 oX+y—-2z=1

By putting the solution of the first three eq. into the fourth, the system of equation has unique solution if

2 _ _ 2 _
aB +2(X B+a a2+ocB_2 [3+20L[3+1:1:>0LB+1:[3
alp?+1)  alp?+1) alp? +1)
a+1 1 1
12 (@ A=| 1 a+1 1 |, |A|=3a’+a’=a’(a+3).
1 1 a+1
2a+a’ a -a 2a+a’ -a -a
Min A= a 2a+a’ a ,Cof A= —a 2a+a® -a
-a a 2a+a’ —a —a 2a+a’
2a+a’ -a —a
AdjA=| -a 2a+a® -a
—a -a 2a+a’

a+2 -1 -1

Inverse of A= Ade: ! -1 a+2 -1 |,wherea#0,-3.
Al a@+3)
-1 -1 a+2
@+D)x+y+z=1 a+l 1 1 \x 1
(b) (@ X+(@+l)y+z=>b isequivalentto | 1 a+1 1 |y|=|Db
X+y+(@+1z=b’ 1 1 a+l)\z b?

When a# 0, -3, inverse of A exists,

-1

x) (a+1 1 1 1 a+2 -1 -1Y1 a+2-b-b’
yl=| 1 a+1 1 = 13 -1 a+2 -1 =a(a 3 ~1+(@+2b-b’
L1 1 oast) 2] @I 0 1 as2)e T _1-b+(a+2)b?
X_a+2—b—b2 _ —1+(@a+2)b-b? Z_—l—b+(a+2)b2
a(a+3) ' a(a+3) ’ a(a+73)
X+y+z=1

(i)  When a = 0, the system of equation becomes: < X +y+z=Db
X+y+z=b’
When b=1,thesystembecomes x+y+z=1
and has infinite number of solution: (X,y,z)=(1-t; -1, t;,t,), where t;,t, eR.

When b =1, the system is inconsistent and has no solution.

-2X+y+z=1
(iii) When a = -3, the system of equation becomes: < x-2y+z=Db
X+y—-2z="h’

Adding the 3 equations, b? + b +1 = 0.
Since A =1?—-4(1)(1) < 0. The quadratic equation has no real solution.

.. The system of equations is inconsistent and has no solution.



1 1 1] |1 o0 0 1 0 0
13. @ |p g rl=[p g-p r-p|=@-pfr-pp 1 1
p* a® r’| p* q*-p® r’-p’ p° q+p r+p
1 0 0
=@-p)r-pJp 1 0 |=(@-pNr-p)Xr—a)=(p-a)a-r)r-p)
p* q+p r-p
1 1 1Yx P
(b) p g r|ly|=|pq|- By (a),determinantof coeff. matrix=0since p,gandr areall
p* q* r*\z) \par

distinct. Therefore there is unique solution. By Crammer’s Rule,

p 1 1 11 1 1 0 0
g q r plg g r| pg 0 r-qg
par q> r? ar g* r? ar alg-r) rr—q)  pg(q-r)

(b-afa-r)r-p) (p-afa-rXr-p)  (p-a)a-rfr-p)  (p—-a)r-p)

1 p 1 1 1 1 1 0 0 1 0 0
P pq T pp a4 r| pp gq-p r-p| pr-p)p g-p 1
p* par | |p® ar r’ p* qr-p® r’-p’ p° qr—p° p+r

YT h-ada-rr-p) G-aXa-Nr-p)  (-ala--p)  (-aXa-rir-p)

_plr-pla-pYp+r)-ar+p?|_ pr-plpa-pr] _ p?

(p—a)a-r)r-p) (p-aXa-rfr—p) p-q

1 1 p 1 0 0 1 0 0
p g pa| pp q-p a-p| pla-plp 1  g-p
pP° 9* par|  |p® q*-p° ar—p’ p° q+p ar—p’

Z=

(p-ala-rlr-p)  (-a)a-rfr-p)  (p-a)a-r)ir-p)

pap-aXa-r) _ pq
(P—aXa-rNr—p) r-p

(¢ () If p=q #r, usingaugmented matrix the system of equations becomes

1 1 1 p 11 1 p 11 1 »p 111 p
p p r p*|~|0 0 r-p 0 ~]0 0 1 0|~/0 01 O
p? p®> r* p*) \0 0 r*—p* p*(r-p)) 0 O r+p p?*) (0 0 0O p?
The system is inconsistent.
1 1 1 p 1 11 p 0110p
@iy If p#qg=r, P 9 q pg|~l p-g 0 0 0|~|2 0 0O O
p* a* q* pg’) (p°-q* 0 0 0) (0 0 0 O
*xy.2)=0p-t1), teR.
14. (@) p=#0,18 (b) q=-15; (x,y,z):(t,2t,3t+%), where teR.

5-t-4s
3

() q=15; (x,y,2)=(t,s, ), Wwhere tselR.



